The Hydrodynamics of Trickling Flow in

Packed Beds
Part I: Conduit Models

The hydrodynamics of trickling flow in packed beds is modeled by
representing the porous medium as an array of parallel conduits of cir-
cular cross section.

First, a straight tube model is developed and analytical solutions are
obtained for the relative permeabilities of the gas and liquid phases.
Then a periodically constricted tube model is proposed and the equa-
tions of motion are solved numerically to determine the effect that sur-
face tension forces have on the relative permeabilities. The constricted
tube model predicts that the relative permeabilities of the phases are
appreciably sensitive to surface tension forces, a prediction that seems
at odds with experimental observations. This discrepancy may be
caused by the assumption of fully wetted surface area of particles
emp!oyéd in the model.

The straight tube model confirms experimental resuits indicating that
the liquid phase relative permeability is, for practical purposes, insensi-
tive to the gas flow rate and to the gas-to-liquid density and viscosity
ratios. Both conduit models show that the gas phase relative permeabil-
ity curves are strong functions of the gas phase Reynolds number when
this parameter is small. For large gas Reynolds numbers, a single curve
for the relative permeability as a function of saturation is obtained.
These trends are observed in previous experimental studies.
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The steady downward flow of a gas and a liquid in a
packed bed for low superficial velocities of both
phases is termed the trickling flow regime; it occurs in a
wide variety of practical applications. It is important to
understand the hydrodynamics of these systems not
only to design and operate the packed bed but also to
help understand heat and mass transfer processes in
trickle bed reactors.

The most important macroscopic nydrodynamic pa-
rameters for trickling flows in packed beds are the
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pressure drop and the liquid holdup. The current level
of understanding of the hydrodynamics of these sys-
tems allows a prediction of these parameters by means
of empirical correlations. So far, theoretical studies
dealing with the hydrodynamics of the flow at the pore
level have not been performed.

In this work we develop microscopic or pore level
models that consider the flow of two phases through
tubes under steady state conditions. First, the two-
phase flow problem is solved in a straight tube. The
simplicity of the straight tube geometry allows an ana-
lytical solution to the problem. The results are formu-
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lated in terms of dimensionless groups that contain as
a characteristic length the hydraulic diameter of the
capillary so that the trends followed by the hydrody-
namic parameters of the capillary tube can be com-
pared to those of trickle beds.

A more complex model, consisting of a periodically
constricted tube unit cell is then considered. The geom-
etry of the constricted tube is chosen by equating the
cross-sectional area variation of the tube with the flow
area variation in a cubic array of spheres. The con-
stricted tube model allows a study of the effect of sur-
face tension forces on the hydrodynamics of the flow at
the local level. In both the straight and constricted tube
geometries we assume that the solid surfaces are fully

wetted by the liquid. This is an assumption that does
not fit in very well with the behavior of a real trickle bed
reactor over some regimes of gas and liquid flow rates,
as will be apparent in the second part of this paper.

The solution of the problems stated above provides
information about the relative permeabilities of the gas
and the liquid. These are macroscopic parameters that
can be used to estimate the hydrodynamic perfor-
mance of trickling flows, i.e., to predict pressure drops
and liquid retentions. In Part li we present the results of
experimental measurements of liquid holdups and gas
phase pressure drops, and compare the predictions of
these models to the experimentally observed relative
permeabilities.

CONCLUSIONS AND SIGNIFICANCE

Two types of conduit models were constructed to
study the hydrodynamics of trickling flows in packed
beds. First, a one-dimensional straight tube model was
developed and analytical expressions were derived for
the gas and liquid relative permeabilities. A second
model, consisting of a periodically constricted tube
whose cross-sectional area variations corresponded
to the variations in flow area in a cubic array of
spheres, was then formulated. Relative permeabilities
for the gas and the liquid were calculated from numer-
ical solutions to the Navier-Stokes equations. The rela-
tive permeabilities can be used to predict the dynamic
holdup and pressure drop in the packed bed.

The straight tube mode! shows that the liquid phase
relative permeability curves are not sensitive to the
Reynolds number of the gas phase, confirming previous
experimental results. These curves are also insensitive
to the gas-to-liquid viscosity and density ratios in the
ranges usually observed in experimental studies.

The periodically constricted tube model yields an
Ergun constant that is 20% lower than the experimental
value corresponding to a cubic array of spheres and
8% lower than that of a random packing of the same
porosity, indicating the suitability of the model for per-
forming one-phase flow calculations. This model was
used to study the effects of surface tension forces on
relative permeabilities. It was found that the liquid
phase relative permeabilities were very sensitive to the
Eotvos number (ratio of gravitational to surface tension
forces). These results contradict previous experimen-
tal observations, which lead to a unique representation
for the liquid phase relative permeability in an ample
range of Eotvés numbers. The large sensitivity exhib-
ited by the model to surface tension forces is a result of
the changes of the shape of the gas-liquid surface. It
was observed that as the surface tension forces
increase in magnitude, the gas-liquid interface be-
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comes flatter and the symmetry of the configuration
changes. In a real packed bed the partially dry areas
and focal instabilities at the phase interfaces tend to
overshadow this predicted dependence.

The conduit models were also used to calculate gas
phase relative permeabilities. It was found that for gas
phase Reynolds numbers below a certain value, depen-
dent on the liquid Reynolds number, the gas phase rela-
tive permeability-saturation curves were a strong func-
tion of the ratio of Reynolds to Galileo numbers of the
gas. For large values of the gas phase Reynolds num-
ber all the relative permeability curves converge to a
single function of saturation. This behavior is also
observed experimentally in trickling flow through
packed beds.

The gas phase relative permeability curves were
also found to be very sensitive to the Edtvos number,
according to the periodically constricted tube model. A
more extensive experimental analysis is required in
order to clarify the effects of surface tension forces.

The results obtained in this investigation show the
convenience of using the relative permeability analysis
in the study of trickling flow in packed beds. This analy-
sis provides a simple way of obtaining the trends fol-
lowed by macroscopic parameters from simple pore-
scale models. A comparison of the theoretical results
in this part of the paper with the experimental results
shown in Part Il indicates that even though there are
some details of the role of surface tension forces that
are not predicted accurately by the capillary and the
periodically constricted tube models, many of the quali-
tative dependencies of relative permeabilities on satu-
ration and gas and liquid Reynolds numbers are indeed
observed experimentally. The failure of the models
considered in this paper may be traced to the assump-
tion of fully wetted solid surfaces that has been
employed.
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Introduction

The hydrodynamic behavior of cocurrent gas-liquid flows in
packed beds has been traditionally studied from an empirical
point of view. Our current level of understanding of this type of
process is summarized in recent reviews of the literature (Gia-
netto et al., 1978; Shah, 1979; and Siez, 1984). Previous investi-
gators have stressed the prediction of pressure drop and liquid
holdup by means of empirical correlations based on dimensional
analysis and experimenta! observations over a relatively narrow
range of experimental conditions. In a recent paper, Sdez and
Carbonell (1985) have proposed a new approach for predicting
these hydrodynamic parameters, using the concept of relative
permeabilities. These investigators show that the macroscopic
equations of motion for the liquid (8) and gas () phases under
trickling flow conditions can be expressed as
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In the equations above the definitions of the Reynolds and Gali-
leo numbers are given by
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where (v, ) is the superficial velocity of the a phase and 4, is the
equivalent particle diameter (6V,/A4,). The superficial velocity
is nothing more than the volumetric flow rate of a given phase
divided by the column area. It can be written in terms of the
interstitial velocity u, as eu, where ¢ is the bed porosity. It can be
seen from these equations that the relative permeabilities, kg
and k., represent the ratio of the pressure drop in the bed under
single-phase flow conditions, as predicted by the Ergun equa-
tion, to the pressure drop under two-phase flow conditions
including the hydrostatic contributions.

In Egs. 1 and 2, it has been assumed that the relative perme-
ability of each phase is the same in the viscous and turbulent
flow regimes. Sdez and Carbonell (1985) gathered experimental
evidence to support this assertion.

When the pressure difference between gas and liquid phases
is independent of axial position in the bed, Eqs. 1 and 2 can be
subtracted to obtain
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where we have considered that pg » p.. This constraint will be
satisfied by most gas-liquid systems.

If the dependence of the relative permeabilities on saturation
is known, Eq. 3 provides the means of computing the liquid
holdup for given values of the Reynolds and Galileo numbers for
the two phases.

The dimensionless pressure drop per unit length, including
gravitational contributions, is directly obtained from Eq. 2

1 |ARe* B Re¥
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A knowledge of the gas phase relative permeability as a func-
tion of the saturation allows an estimation of the pressure drop
by means of Eq. 4. Sdez and Carbonell (1985) correlated the
liquid phase relative permeability to the liquid phase reduced
saturation, &,, defined by

0

€@ — ¢

o= b B
B e_eg (5)

They also correlated the gas phase relative permeability to the
gas phase saturation, S., given by the expression

Sy=1-2 (6)

€
The correlations found can be summarized as follows:

ky = 83

)

k, = S4® ®)

Equation 7 was obtained from an analysis of 57 experimental
data points of dynamic liquid holdup at zero gas flow rate for the
air-water system. Equation 8 was the result of analyzing 17 data
points for pressure drops at various liquid and gas flow rates
obtained also with air and water as working fluids. These corre-
lations were developed and tested in the following ranges of
independent variables

5 < Re} < 1,500
5 < Re* =< 6,000
4 x 10* < Ga¥ <1.3 x 10%
150 < Ga* < 5 x 10°

This approach has the advantage that all of the information
on flow rates, particle diameters, and physical properties of the
fluids is contained in the equations of motion. A knowledge of
the relative permeabilities as functions of saturation can allow
accurate predictions for holdup and pressure drop for nearly all
operating conditions in the trickling flow regime.

The work described above was based on a key assumption,
namely, that the relative permeabilities were functions only of
saturation. With the limited data available it was possible to jus-
tify such a supposition and obtain correlations that led to predic-
tions of pressure drops to within 30% of experimental values and
liquid holdups to within 15%. However, it is not clear that the
relative permeabilities are going to be independent of surface
tension (E6tvSs numbers), liquid and gas phase Reynolds num-
bers, etc., over a very wide range of operating conditions. All
effects of the solid packing are included in the definitions of the
Reynolds and Galileo numbers. Using the above functions for
relative permeabilities, Sdez and Carbonell were able to fit data
for holdup and pressure drops in beds packed with Raschig
rings, Berl saddles, spheres, cylinders, and carbon rings. This is
a strong indication of the insensitivity of the relative permeabili-
ty-saturation curves to the particle shape.

One of the objectives of this work is to learn more about the
physics of two-phase flow in porous media and to determine the
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expected dependence of relative permeabilities on system pa-
rameters by using some reasonable approximations to the flow
geometry. This is achieved by solving the equations of motion
and continuity for the case of two-phase flow in a geometry that,
it is hoped, is representative of the local scale in the packed bed.
The solution of the local problem allows a direct evaluation of
the relative permeabilities and a complete study of ail the fac-
tors that can influence these macroscopic quantities. The selec-
tion of a representative geometry is difficult since the real local
geometry of a porous medium is too complex for analytical pur-
poses. The simplest geometry that can be chosen is the straight
capillary tube. The hydrodynamics of one-phase viscous flow in
a capillary tube suggests a linear relationship between the flow
rate and the pressure drop (Hagen-Poiseuille equation), which is
precisely what is observed macroscopically in a porous medium
as stated by Darcy’s law. However, the prediction of permeabili-
ties by using straight tube models is poor (Scheidegger, 1974).
This failure leads to the introduction of additional parameters
such as the tortuosity that give a semiempirical aspect to such
models.

The straight tube models can be useful in the prediction of
some parameters related to heat and mass transfer in one-phase
flow through packed beds, as shown by Zanotti and Carbonell
(1984). These investigators were able to predict thermal axial
dispersion coefficients in packed beds by using a capillary tube
model. Despite the fact that the results showed too strong a
Péclet number dependence, they provided good physical insights
for the analysis of the macroscopic phenomena. The compari-
sons made by Zanotti and Carbonell (1984) between capillary
tubes and packed beds were based on the choice of the hydraulic
diameter of each system as the appropriate length that charac-
terizes the local scale.

The simplicity of straight tube models imposes strong con-
straints on their applicability. However, these models provide
useful information regarding the trends followed by the macros-
copic variables. For this reason, we have developed a capillary
tube model as a first approximation to the study of cocurrent
gas-liquid flows in packed beds.

The recent improvement of numerical techniques to solve
fluid mechanics and transport phenomena problems allows the
treatment of more complex and realistic geometries. The actual
trend in the modeling of porous media processes calls for two-
and three-dimensional representations of the pore level struc-
ture. These models are generally based on the idea of spatial
periodicity: the porous medium is conceptualized as being made
up of geometrical units, termed unit cells, that exhibit transla-
tional symmetry (Brenner, 1980; Carbonell and Whitaker,
1984). A specific geometry is proposed for the unit cell and the
fundamental equations describing the process to be studied are
solved in this domain by including the symmetry provided by the
periodicity of the geometry. The macroscopic parameters are
then evaluated from the local solution by means of spatial aver-
aging techniques.

A two-dimensional, spatially periodic model was develoed by
Eidsath et al. (1983) to study hydrodynamics and dispersion in
one-phase flow through packed beds. A full three-dimensional
approach was followed by S¢rensen and Stewart (1974a,b).
These investigators studied fluid flow and heat and mass trans-
fer phenomena in a cubic array of spheres. More recently, Zick
and Homsy (1982) solved the hydrodynamics of one-phase flow
through arrays of spheres for various spatial arrangements.
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The spatially periodic models mentioned above are sometimes
classified as external flow models because the geometrical
description used resembles the structure of the packing par-
ticles. When the geometry of the unit cell is chosen to be a repre-
sentation of the structure of the pore, the model is termed an
internal flow model. The capillary tube models can be classified
in this category. One of the most widely used models in the anal-
ysis of porous media processes belongs to the internal flow type.
We are referring to the periodically constricted tube model, in
which the unit cell is conceived as a tube with converging and
diverging sections.

The periodically constricted tube model was first studied
extensively by Payatakes et al. (1973). These investigators
solved the hydrodynamic problem of one-phase flow through a
unit cell whose geometrical characteristics were found by means
of a statistical analysis based on experimental capillary pressure
data. A good agreement was found in the prediction of friction
factor-Reynolds number curves. That model was later extended
to take into account random orientation of the pore structure by
Payatakes and Neira (1977). Neira and Payatakes
(1978, 1979) studied one-phase flow through periodically con-
stricted tubes with various wall profiles, including parabolic and
sinusoidal tubes. A wall profile consisting of step changes in
diameter was considered by Azzam and Dullien (1977). Deiber
and Schowalter (1979) studied the case of one-phase flow
through sinusoidal tubes theoretically and experimentally.

The applications of the periodically constricted tube model to
transport processes in one-phase flow through porous media
have recently been reviewed by Pendse et al. (1983). So far, this
type of model has been applied to processes involving the flow of
one phase only. In the present work we are concerned with the
use of periodically constricted tubes to model two-phase flow
hydrodynamics in packed beds. In a recent work, Dassori et al.
(1984) solved the related problem of viscous two-phase flow
through a sinusoidal channel by means of a regular perturbation
analysis, valid for small amplitudes of the wall oscillations. In
the present work we study the application of the perodically con-
stricted tube model to the simulation of trickle bed hydrody-
namics.

Theoretical Aspects

One of the objectives of this work is to obtain the relative per-
meability of each phase as a function of the independent param-
eters characterizing the flow through the porous medium. The
relative permeability is defined as the ratio of the one-phase
flow pressure drop (including gravitational contributions) to the
two-phase flow pressure drop obtained at the same interstitial
velocity

a = ﬂv‘y (9)

where " and y, are the dimensionless pressure drops of phase
a, measured in the direction of mean flow. We have assumed
that the macroscopic flow is one-dimensional. In the present
work, we will obtain the relative permeabilities of gas and liquid
phases flowing through a tube with a periodic wall profile.
According to Eq. 9, we need to estimate both the one-phase and
the two-phase pressure drops.
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One-phase flow through a tube with periodic wall profile

Consider a periodically constricted tube consisting of the rep-
etition along the x axis of the unit cell structure shown in Figure
1. The periodicity of the wall profile can be expressed as

rixY=r(x+n) n=0,1,... (10)
The analysis is limited by the following assumptions:

1. The flow is laminar and steady.

2. The flow is axisymmetric.

3. The flow is incompressible.

4. The Reynolds numbers are low (negligible inertial ef-
fects).

5. The fluid is Newtonian.

Using these approximations, the continuity and momentum
equations can be expressed as follows
vi.v =0

(11)
=—VP +pg+V .7 (12)

where the primes denote dimensional quantities. The stress ten-
sor, 7, is given by

7 =u[VV + (VV)T] (13)
The boundary conditions are
1. Noslip at the wall
V=0 atr' =r.(x) (14)
2. Symmetry about 7’ = 0
W0 atr-0 (15)
ar

3. Spatial periodicity of the surface (Eq. 10)
The set of equations and boundary conditions stated above is
invariant to a coordinate transformation of the form

T{(x")

x'— x" x nk, n=0,1,...

Therefore, the solution to the set of equations can be proved to

Fluid

Figure 1. Periodically constructed tube, unit cell.
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exhibit spatial periodicity, so that

UV(x) =0 = n) (16)

V'P'(x) = V'P'(x' + nR) a7

It can be proved (Saez, 1984) that the pressure can be decom-
posed into the sum of a periodic contribution and a linear contri-
bution as follows

. APx'
P =P+ e (18)
where P’ is periodic
P(x) =P (X' + nR) (19)

and AP is the area-averaged pressure drop through the unit
cell,

AP = P(x’ + %) — P(x') (20)
The area-averaged pressure is defined as
— 1
P(x) = — P'dA 21
@=L @)

where Ay(x') is the local cross-sectional area of the tube. Note
that P’ and P’ are functions of r, but Pis a function of x’ only.
According to this decomposition, Eq. 12 becomes

.

0= _-vP ——Q—e,+v'.f' (22)
where
AP AP
— = 23
2 7 P (23)

We now proceed to make the basic equations dimensionless.
Let us define the following dimensionless parameters:

x=x/% (24)
r=r'/% (25)
P—P'/(—AP) (26)
v = uv'/(—LAP) (27)

By using these definitions, the problem can be stated in the fol-
lowing dimensionless form

V.v=0 28)

0-—-VP+V-7+e, 29)

7 =vv + (Vo) (30)
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with boundary conditions

v=0 atr-=r(x) (31)
dv
el 0 atr=20 32)
v(x) = v(x £ n) (33)
P(x) = P(x + n) (34)

It can be proved that this problem has a unique solution for
the velocity field as well as a unique solution up to an arbitrary
constant for the periodic part of the pressure field (Séez, 1984).
Furthermore, the basic equations show that the solutions for v
and P are only functions of the geometry of the unit cell, namely,
r(x).

The dimensionless pressure drop, y, is defined by

A
=-— — (35)
rgh
and the interstitial velocity is given by
! [vav (36)
vy

where V is the volume of fluid in a unit cell of conduit. This is
simply the average fluid velocity in the conduit. If we write Eq.
27 for the component of the flow in the direction of the axis of
the conduit, and take the average over the fluid volume in the
unit cell of the constricted tube we abtain

1 [T
- y- -t " [yav 37
V-/; v.d QA?’ny Ux GD

Now we let u be the magnitude of # along the x direction and use
Eq. 35 to write

1 uu

e
%f u,,deg’2
| 4

(38)

This is the relation between the dimensionless mean pressure
drop in the tube to the average fluid velocity. We can write this
equation in terms of the Galileo and Reynolds numbers, using as
a characteristic length the hydraulic diameter, defined as

dy=—
w

(39)

where A, is the wetted area of conduit and Vis the fluid volume.
The Reynolds and Galileo numbers then become

d: 2 d:]
Re*=’";"; Ga*=piz" (40)

If we multiply the numerator and denominator of Eq. 38 by d}
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and rearrange terms we obtain

Re*

y=A a; (41)
where
12 102
L e @)
—l;j; deV

Obviously, Eq. 41 is in the form of the Ergun equation when vis-
cous effects dominate, and A is the Ergun constant. From Eqs.
28-34 we seen that v, only depends on the shape chosen for the
conduit, r,(x). Similarly, the hydraulic diameter is also calcula-
ble directly from R,(x); in fact, the relation is

1 2
@ 3 f0 r? (x)dx

Q 2
fo‘r,(x)\/l +(j—’x) dx

Thus, from the solution for v, for a given r,(x) one can get the
value of the Ergun constant 4 in Eq. 42. This value can be
directly compared to the Ergun constant in a packed bed since
the definitions of the Reynolds and Galileo numbers in Eq. 40
are consistent with those used in Eq. 1. For instance, in a packed
bed the fluid volume is related to the volume of particles by the
ratio ¢/(1 — €). As a result, Eq. 39 can be written as

P L
h—de(l_e)

Substituting into Eq. 40 and writing the interstitial velocity of
the fluid in the packed bed as u = (v) /e we obtain

(43)

plv)d, ., Pegdl €
- -

%
= ; a
w(l ~ ¢ u?

Of course, these are the same definitions of the Reynolds and
Galileo numbers used in Eq. 1.

Two-phase flow through a tube with periodic wall profile

Let us consider now the case of two-phase flow through a peri-
odically constricted tube, Figure 2. In addition to the assump-
tions listed in the previous section, we will suppose that the lig-
uid phase is flowing in axisymmetric fashion along the wall of
the tube and that surface tension gradients along the gas-liquid
interface are negligible. Under these conditions, the differential
equations and boundary conditions governing the hydrodynam-
ics of both phases are given in dimensionless form by

Continuity equations

V.-vy=0 rg=r=r, (44)
V.u,=0 O=r=rg (45)
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Figure 2. Periodically constricted tube, unit cell, two
fluid phases.

Momentum equations

— VP +e,+V.13=0 rg=r=r, (46)
-VP, +te, +V-7,=0 O=r=rg “én
Boundary conditions
Nosslip
;=0 atr=r, (48)

Continuity of tangential velocity components at the gas-liquid
interface

(w/E)Ug « Ngy =0, - N, atr=ry (49)
Symmetry at the center of the cell
éa%’ =0 atr=20 (50)
No mass transfer between phases implies
Vg g, =0 atr=rg (51)
U, ng, =0 atr=r; (52)

Continuity of the stress vector at the gas-liquid interface gives

P+2 n
el ..
LY [

= &Py, — 1, - n5) atr=rg (53)

In these equations, the dimensionless variables have been
defined using the relations
x=x'/2 (54)
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r=r/% (55)
v, - Qz‘; v, a=By (56)

P'
Po=—%, a=8, 57
o a=0y (57)
£=p,/ps (58)
@ = /g (59)

and
2

E5 = P8 (60)

1)

Note that the velocity and pressure have been made dimension-
less using different characteristic quantities from those used in
the one-phase flow formulation.

The dimensionless mean curvature, H, is given by (Adamson,

1976, Ch. I)
1/1 1
H = E(Z + "_t) (61)
where
drs\2 12
rp=—m—m 4
d’rg
dx?
and
2
ro=rgal1+ (ﬂ) (63)
dx

The normal and tangent unit vectors can be expressed as func-
tions of drs/dx by the relations

ng, = —1——_ (—e, + %ﬁ ex) (64)
;o

drg
s (dx

and
(65)
In addition to these equations, the pressure of each phase can be

decomposed into a periodic and a macroscopic contribution sim-
ilar to Eq. 18

(66)
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The periodicity conditions are

uX) = U (x £ 1), a=By (67)
Px)=P(xzn), a=By (68)

and
rg(x) = rg(x + n) (69)

The dimensionless pressure drop of each phase including gravi-
tational contributions is given by

a = Ba’y (70)

For a given gas-liquid system and a given tube geometry, the
system of equations stated above is completely determined (up
to an arbitrary constant for the P fields) when two parameters
are specified: the pressure drop of one of the phases (Y, or ¥,),
and a boundary value of the gas-liquid interface location, for
instance, 75 at x = 0. Note that the mean pressure drops AP for
each phase are equal; however, ¥, # ., because of the differ-
ence in density between liquid and gas.

Let us now consider the case in which there is no net flow of
gas phase, i.e., the gas is stagnant and the liquid flows downward
under the effect of gravity. Under these conditions the pressure
in the gas phase is a constant and, since the system of equations
stated above depends on pressure differences and pressure gra-
dients, we can set a zero level of pressure for P,,

an

In this case, the motion of the gas phase will only be that induced
by the velocity of the liquid at the free surface, according to Eq.
49, It can be shown (S4ez, 1984) that if the following constraint
is satisfied, the tangential stresses of the gas are negligible in Eq.
53.

(72)

For most gas-liquid systems, the viscosity ratio u,/u, is much
lower than one. Under these conditions, the hydrodynamics of
the gas phase is completely decoupled from what occurs in the
liquid phase. The problem is reduced to the following set of
equations,

V=0 rg=r=r, (73)
~VPi+e,+Ver3=0 rg=r=r, (74)

;=0 atr=r, (75)

Vg g, =0 atr=ry (76)

(Pﬂ + %)nh =Tg-m5, atr=rg an

Us(x) = Ug(x = n) (78)
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Py(x) = Pg(x + n) (79)

rg(x) = re(x £ n) (80)

For a given gas-liquid system (fixed £5) and a given geometry
[fixed r,(x)], the system of equations stated above is closed
when a boundary value for rg(x) is specified.

We will now consider the calculation of macroscopic parame-
ters. One of the most important macroscopic manifestations of
the two-phase flow phenomenon is the liquid saturation, Sj,
defined as the ratio of the volume occupied by the liquid phase to
the total void volume. The liquid saturation can be calculated,
after rg(x) has been determined, by the equation

./0“ (r2 - r})dx

1
f rldx
0

The liquid phase relative permeability is determined by means
of Eq. 9.

The one-phase flow pressure drop is given by Eq. 41. The two-
phase flow dimensionless pressure drop is defined by Eq. 70. For
the case being considered in Eqs. 73-80, the pressure drop in the
gas phase is decoupled from the equations of motion for the lig-
uid. As a result, the liquid phase pressure drop AIT’,, = 0. From
Eq. 70 the value of 5 = 1. Eq. 9 then reduces to

(81)

Sg =

%
Ref

ke = ¥5” = 4 Ga}

(82)

where use has been made of Eq. 41. The Reynolds and Galileo
aumbers are computed at the interstitial velocity of the liquid.
The definitions of Refand Ga} are the same as in Eq. 40 with u
replaced by

1
U = 17-/;, vydV (83)

Rep= P8ih Gy P34V (84)

Mg Mg
Here ¥} is the volume of liquid in the conduit, and V is the total
volume available for flow in the conduit. When ¥, = V the con-
duit is filled with liquid and there is no gas present. From Eq. 56
we see that if we integrate both sides over ¥; and divide by ¥ and
then use the definitions in Eq. 40 for the Reynolds and Galileo
numbers we get

2

Rey |1 e
=)= dv|— 85
Gaf [Vf i P ()

The calculation of k, then proceeds as follows. Equations 73-80
are solved for vg,. Values of 4}, are obtained for a given shape of
the conduit r,(x) using Eq. 43. The results are substituted in Eq.
85. The value of 4 comes from the one-phase flow computations
in Eq. 42, and k; is calculated according to Eq. 82. Different
liquid saturations are obtained, corresponding to different Rey-
nolds and Galileo numbers for the liquid, by fixing different val-
ues for the boundary condition for r4(x), the interface shape.
The general two-phase flow problem, stated by Egs. 44 to 69,
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can be greatly simplified by considering the special case in
which the velocity of the gas phase is small. If the forced motion
of the gas phase is not enough to induce large normal stresses at
the gas-liquid interface and appreciable pressure drops in the
liquid phase, then the normal momentum balance (Eq. 53)
reduces to Eq. 77 and the equations describing the hydrodynam-
ics of both phases are decoupled. Under these conditions, Eqgs.
73 to 80 are enough to determine the liquid phase velocity and
pressure profiles, as well as the location of the gas-liquid inter-
face. The equations describing the hydrodynamics of the gas
phase for this particular case reduce to

V.v,=0 O0=r=rg (86)

~VP, 4, + V. 7,=0 O=<r=<r, (87)
v,=v4(w/f) atr=rs (88)

‘% =0 atr-0 (89)

v,(x) =v,(x £ n) (90)
P(x)=P(x +n) 1)

where we have decomposed P, into a periodic and a macroscopic
contribution (see Eq. 18) and we have combined Eqgs. 49 and 52
into a unique condition, Eq. 88. Once the solution of the liquid
phase problem is obtained, Eqgs. 86 to 91 can be solved for a pre-
scribed value of the pressure drop V. The gas phase Reynolds
number corresponding to this pressure drop can then be calcu-
lated from an equation analogous to Eq. 84.

Re¥ 11
== dv
Ga* d; V[/, Ure

(92)

and the gas phase relative permeability can be determined from
Eq. 9, for which yA" is previously evaluated from Eq. 38.

Straight Tube Model

The simplest conduit model consists of a straight capillary
tube in which the wall profile is not a function of axial distance.
In this case the equations governing the two-phase flow hydro-
dynamics (Eqgs. 44 to 69) become one-dimensional and it is pos-
sible to find analytical solutions for the velocity profiles. By tak-
ing the interstitial averages of the velocity profiles and using the
definitions of the corresponding dimensionless parameters, the
following macroscopic equations are obtained

* 2 _ 2
Reg ¥ _ey_q —g):—g[g—)+x21nx} 93)

Gax 12 2

Rey ¥y 4 Wi | Y 2 2
e Bl ) LFO 1 - £l 94
Gar~ 72" T 18g| 2" A+ -Hln 04
(I—y)E=1—-14 (95)

where
k=2 _s) (96)
rﬂ
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The single-phase flow pressure drop is given in this case by
the Hagen-Poiseuille equation

Re}
Ga*’

W — 72 a =By 97

where in this case the hydraulic diameter is three times the tube
diameter. Eq. 97 is equivalent to assigning a value of 72 to the
Ergun constant.

The relative permeability of each phase can now be evaluated
from Eq. 9. After some manipulations, the liquid phase relative
permeability can be expressed by

k=S

2(1 = &)(1 = Sp)*[Ss+ (1 — Sp) In(1 — Sp)][1 — Ss(1 — 2w)]
(1 =81 —Sp)*[2wIn(1 — ) — 1] — 72 Re}/Ga?

(98)

Figure 3 shows the ks — S, curves calculated for the air-water
system at 20°C (£ = 1.2 x 107%, @ = 0.019). The most important
conclusion to be drawn from this figure is the insensitivity of the
relative permeability curves to the value of Re}/Ga?. In normal
applications (Sdez and Carbonell, 1985), this parameter rarely
becomes greater than 1. Larger values often imply that the sys-
tem is in the pulsing regime. This result is consistent with the
assumption made by Sdez and Carbonell that the liquid relative
permeability is independent of the gas flow rate. This fact sim-
plifies greatly the analysis of experimental data since it implies
that the liquid phase relative permeabilities can be determined
by performing measurements of liquid holdup under no gas flow
conditions, as shown by Saez and Carbonell.

The curves in Figure 3 are also relatively insensitive to
changes in the viscosity and density ratios. When w is changed
from O to 0.1, which is the usual range for gas-liquid systems,
almost no variations in kg occur. The values reported for £ =
1.2 x 107* are very close to those obtained for £ = 0. This insen-

1
0.8
0.6
.Kn *
Rey
0.4 ey /.
0
0.2 1
0 . : ~ ,
0 0.2 0.4 0.6 0.8 1
Sy

Figure 3. Liquid phase relative permeability, capillary
tube model.
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sitivity to £ and w implies that all effects of physical properties
are accounted for in the basic dimensionless groups Re* and
Ga*.

The gas phase relative permeability is given by

k,=
S QLS, +20(1 -S)1+ (1 -§)S,(1 —S.,)z(l —2winS.)
v a+(1-9(1-5,)
99)
where
Q= —72~R—‘f— 25,(1 -8 -8, +S,InS,) (100)
Ga}

An equation similar to Eq. 99 can be obtained to express k, as a
function of S, and Re}/Ga}.

The gas phase relative permeability curves are shown in Fig-
ure 4. The curves are shown in two different ways: curves at con-
stant Re¥/Ga} (solid lines) and curves at constant Re#/Gaf
(dashed lines). An interesting phenomenon is observed when
Re}/Gagis held constant. At a specific saturation, which we will
call the critical saturation, the relative permeability goes asymp-
totically to infinity. The value of S., at which this occurs can be
computed by letting the denominator in Eq. 99 go to zero. It can
be shown that this is also the point at which the pressure drop in
the gas phase is only compensating the gravitational effects
(¢, = 0). Under these conditions, the velocity profile of the gas
phase is uniform; i.e., the gas has everywhere a velocity equal to
that of the liquid at the gas-liquid interface. The resulting gas
flow rate is then just the effect of the drag that the liquid flow
exerts on the gas. The critical saturation represents physically
the lowest value of S, that can be achieved for a given Ref/Gaj
so that there is no upward flow of gas. If the gas flow rate (or,
rigorously speaking, Re¥/Ga}) is increased beyond the value
leading to the critical saturation, we move downward along the
dashed lines in Figure 4. At first, the relative permeability
decreases while the gas saturation remains practically constant,
indicating that the gas flow rate is not high enough to exert
forces at the gas-liquid interface that result in a change in the
location of that boundary. As the gas flow rate is further
increased, the gas saturation starts to increase, indicating a dis-
placement of the gas-liquid interface toward the wall of the tube
due to the forces exerted by the gas. The relative permeability
curves then go through a minimum and, when the gas phase
saturation gets to be more than 10 to 20% larger than the critical
value, all the curves at constant Rej/Gaf coincide with

kENY - 82 (101)
This curve, which represents an envelope for all the relative per-
meability curves at Re}/Gaf constant, corresponds to the limit
of k, as Re}/Ga¥ goes to infinity. This fact is well illustrated by
the k, curves at constant Re¥/GaZ}, also shown in Figure 4.

When Siez and Carbonell (1985) applied the relative perme-
ability approach for the first time to the analysis of experimental
data on pressure drops and liquid holdups in trickle beds, a sin-
gle curve was found for the gas phase relative permeability,
independent of gas and liquid Reynolds numbers (Eq. 8). How-
ever, that unique correlation was obtained from a limited
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amount of experimental data and it showed appreciable scatter.
In a more recent work (Levec et al., 1984), a trend similar to
that shown in Figure 4 was followed by experimentally deter-
mined relative permeabilities. In Part II we present an in-depth
experimental study on the effect that the liquid and gas phase
Reynolds numbers have on the gas phase relative permeabili-
ties.

One of the disadvantages of the straight tube model is the fact
that the surface tension forces play no role in the determination
of holdups and pressure drops. The reason for this is that the
straight tube model is based on a one-dimensional representa-
tion of the flow, thereby neglecting the effect that the curvature
of the gas-liquid interface has on the characteristics of the flow.
In order to account for surface tension forces, a model with a
two- or three-dimensional representation of the pore spaces is
required. This type of model is developed in the following sec-
tion.

Periodically Constricted Tube Model

It has been empirically observed that complex unconsolidated
porous media seem to have approximately the same functional
relations for describing macroscopic parameters when an appro-
priate characteristic length, such as the hydraulic diameter, is
chosen in the definition of the independent dimensionless vari-
ables. For instance, Sdez and Carbonell (1985) showed that the
relative permeability-saturation curves were the same for pack-
ings of completely different shapes (spheres, cylinders, Raschig
rings, etc.) when the hydraulic diameter of the packing was used
in the definition of Reynolds and Galileo numbers. We can use
this fact to suggest that a spatially periodic model based on a
one-particle unit cell should give a fair estimate of those param-
eters. The simplest three-dimensional geometry that exhibits the
spatial periodicity of such an elementary unit cell is a uniform
cubic array of spheres. We will propose as the geometry of the
model a periodically constricted tube that resembles the geomet-
rical characteristics of the interstitial space of a cubic array of
spheres.

1
Re,
—A&-=2.4x10" '
Gay / |
| 4|
- 3.6x10
0.8 | N
! |
' ]
0.6 = | |
- |
x |
Re/, 2
0.4 | | Y =5.6x10
I Ga'y
0.11
\
0.2 - \m,késnv)
0 1 1 1 1
o 0.2 0.4 0.6 0.8 1

Figure 4. Gas phase relative permeability, capillary tube
model.

Vol. 32, No. 3 AIChE Journal



Let us consider the case of macroscopic one-dimensional flow
through a cubic array of spheres. Let x be the direction of
macroscopic flow and consider for simplicity the length of the
unit cell to be one. If we take successive cross sections of the flow
path by cutting the structure with planes of constant x, we gen-
erate the flow path schematized in Figure 5. The solid lines
represent the surface of the spheres and the dashed lines are
symmetry planes. We have taken x = 0 to be the plane with the
minimum area for flow (plane at which the spheres touch). Fig-
ure 5c represents the section with the maximum area available
for flow. In the figure, the corners of the square are contact
points between spheres.

Two important observations are obtained from the flow path
depicted in Figure 5. First of all, the geometry is not axisymmet-
ric but fully three-dimensional. Also, the surface delimiting the
flow path consists of solid walls and symmetry planes. We will
represent the flow path by means of a periodically constricted
tube with the same cross-sectional area as a function of x as that
of the cubic array of spheres. The use of an axisymmetric model
implies that some geometrical characteristics are lost, but the
mathematical complexity of the problem is greatly reduced.
Another important consideration is that the symmetry planes
are not solid surfaces. However, the velocity component normal
to those planes is zero owing to the symmetry of the flow. The
other components are expected to be small in any case due to the
fact that the symmetry surfaces are closed (they have the same
shape as the surface represented in Figure 5a). This implies,
along with symmetry considerations, that there is no net flow
across any closed line on those surfaces, so that the only possible
motion of the fluid would be following symmetric recirculation
patterns. If we consider that the velocity at the symmetry sur-
faces is negligible, then the only difference between symmetry
planes and solid surfaces is that the normal stresses are zero in
the former. The normal stresses at the wall of a periodically con-

(a) x=0

(b) 0<x=<0.5 | i

{c) x=0.5

O S

Figure 5. Flow path through a cubic array of spheres.
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stricted tube are relatively small in the expanding region of the
flow (Séez, 1984), which coincides with the predominance of the
symmetry surfaces in the flow path of the cubic array of spheres.
The preceding analysis does not provide a formal justification
for the use of the periodically constricted tube model, but it gives
an intuitive appeal to such a representation.

The cross-sectional area of the cubic array flow path as a
function of x can be found by simple geometrical considerations.
The result is

1 -7x/4+ax* 0=<x=<05

A(x) = )
l-w/4+7(1-x)° 05=<x=1

The periodically constricted tube will have the same area, so
that its wall profile can be found by means of

wry(x) = A(x)

The result is

1/2
—— =4 x? 0=<x=0.5
1 1 1/2
[———+(1 —x)z}
T 4

Now that the geometry is fixed, one solution to the fundamental
equations (Eqgs. 28 to 34) is enough to provide the general solu-
tion for the case of one-phase flow through the model geometry
(Eq. 102), according to our formulation.

The problem was solved by means of finite-element methods.
The solution was formulated in terms of biquadratic approxi-
mating functions for the velocity vector and bilinear functions
for the pressure field. Eight-node quadrilateral elements were
found to be the most stable elements for that type of approxima-
tion scheme. Details of the formulation and solution are given by
Séez (1984).

The solution to the one-phase flow problem yields an Ergun
constant of 4 = 125. This value is 20% lower than the calculated
value of 157 obtained by Sgrensen and Stewart (1984a) and
Zick and Homsy (1982) by solving the one-phase flow problem
in a cubic array of spheres. However, in beds of spheres packed
in a “uniformly ramdom” manner (Macdonald et al., 1979) the
value of A4 corresponding to a bed with the porosity of a cubic
array of spheres (e = 0.48) is 136, which is only 9% higher than
A = 125. In any case, errors of less than 20% are inside the range
of approximation of the Ergun equation so that the model pro-
posed in this work can be considered adequate.

Let us now consider the case of free surface flow through the
model geometry, i.e., the liquid flows along the walls of the tube
and the gas phase is stagnant and occupies the core region. The
formulation of the problem is given by Egs. 73 to 80. The solu-
tion to this set of equations depends on two parameters: the
Eétvis number, E5, and a boundary value of ry(x). When these
two parameters were specified, it was determined numerically
that the solution of the problem was unique and that there was a
one-to-one correspondence between the boundary value of 75 and
the dimensionless group Rej/Gag, obtained from the solution
by means of Eq. 85 (Saez, 1984). According to this, we can state

r,(x) =
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that the solution of the problem is determined by E6 and
Re}/Gap. Therefore, the liquid saturation, S, can be expressed
as

Sp = S(ED, Re}/Gap) (103)
Similar considerations lead to
kg = kg(Sg, ED) (104)

Equation 104 states that the relative permeability-saturation
curves are only functions of the E6tvs number.

The free surface flow problem consists of two linear differen-
tial equations (Egs. 73 and 74) with nonlinear boundary condi-
tions (Egs. 75 to 80). The nonlinearity of the problem is due to
the fact that the location of the free surface, ry(x), is unknown a
priori. An iterative procedure was used to solve the problem.
First, a location of the gas-liquid interface was assumed. Then,
the linear problem consisting of Eqs. 72 to 75 and 77 to 80 was
solved by means of the finite-element method. Once the velocity
profiles were determined, Eq. 76 was used to generate a new
interface shape and the procedure was repeated until conver-
gence was achieved. The kinemetic condition (Eq. 76) is often
used as the equation governing the iterative procedure in the lit-
erature on free surface flow problems (Nickell et al., 1974). This
iterative scheme yielded a convergent solution when surface ten-
sion effects were not very large (Eo > 2). For low Etvds num-
bers, a different scheme was used. This scheme consisted of a
direct search minimization of the variations of liquid flow rate

Vx/ Vot
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0.2 2 546x10
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0.1 1
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0 . .
0.2 0.3 0.4 0.5 06 r
2 1
Vx/Vof
0.8
(b) x=0
0.6 1
0.4 1
0.2
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o] 0.1 0.2 r

Figure 6. Axial velocity profiles of the liquid. Free surface
flow through the model geometry, no surface
tension effects.
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Figure 7. Pressure profiles in the liquid phase. Free sur-
face flow through the model geometry; E6* —
«, Re}/Gaf = 5.46 x 107>,

as a function of x. The uniformity of liquid flow rates replaces
Eq. 76 as the constraint for convergence. More details regarding
the numerical solution are provided by Sdez (1984).

Typical axial velocity profiles for the free-surface flow prob-
lem are presented in Figure 6 for two different Ref/Ga}and two
different axial locations (x = O corresponds to the point of con-
striction, whereas x = 0.5 corresponds to the point of expan-
sion). Notice how the velocity profiles at x = 0.5 have an inflec-
tion point and show a trend toward smaller derivatives close to
the wall of the tube (r = 0.56). This effect becomes more drastic
for tubes with a large expansion radius. A recirculation region is
sometimes observed in sinusoidal tubes with large amplitudes in

Figure 8. Streamlines; EG* — «, Re}/Ga} - 5.46 x 107°.
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the wall profile (Sdez, 1984). Pressure profiles are shown in Fig-
ure 7. They are presented for x between 0 and 0.5 since P is
skewsymmetric about x = 0.5 for the case under consideration
(Eb6 — =), as shown by Sdez (1984). The streamlines corre-
sponding to this case are shown in Figure 8. The value assigned
to each streamline corresponds to the fraction of the flow rate
passing between the streamline and the free surface. The sym-
metry of the flow about the midpoint of the unit cell is easily
observed in Figure 8. The streamlines are almost parallel in the
region close to the free surface and a zone of low velocity is
observed close to the wall. The results presented in Figures 6, 7,
and 8 correspond to the particular case in which surface tension
forces are zero (E6 — «). When surface tension effects are
present, the symmetry of the flow is distorted by the presence of
the term 2H ng, /E6 in Eq. 77. Figures 9 and 10 show the axial
velocity profiles and the streamlines corresponding to a low
E6tvs number. Notice the gradual way in which the stream-
lines adopt the symmetric pattern of the wall profile, starting
from a highly nonsymmetric free surface. The change in free
surface shapes due to surface tension forces is better illustrated
by Figure 11. In this figure the boundary value of rs(x) at x = 0
and 1 is held constant and the E6tvés number is changed. The
interface evolves from a symmetric shape (/) to an almost flat
shape (3). An increase in surface tension forces results in two
effects: First, as Eo decreases, the interface becomes flatter (less
curvature); second, the point of maximum radius is shifted from
x = 0.5 at E6 — = to lower values of x (upstream). This shift in
the location of the interface was also observed by Dassori et al.
(1984), who performed a perturbation solution of the two-phase
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Figure 9. Axial velocity profiles of the liquid. Free surface
flow through the model geometry, surface ten-
sion effects.
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Figure 10. Streamlines; E6* -~ 1.35, Re}/Ga} - 8.54 x
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Figure 11. Interface shapes, surface tension effects.
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Figure 12. Liquid phase relative permeability, periodi-
cally constricted tube model.

flow problem in sinusoidal channels with small amplitudes in the
wall oscillations.

The dramatic effect that surface tension forces have on the
shape of the gas-liquid interface is manifested in the relative
permeability curves, Figure 12, and in the direct prediction of
liquid holdups, Figure 13. Sdez and Carbonell (1985) observed
that the relative permeability curves of the liquid phase calcu-
lated from experimental data were insensitive to the Eotvs
number in the range 0.1 < E6* < 4. These discrepancies might
be a consequence of several factors that have not been taken into
account in the present work. First of all, inertial effects have
been neglected in the solution of the momentum equations. In a
recent work, Gyure and Krantz (1983) showed that inertial
effects were of extreme importance in the problem of free sur-

face flow over a sphere. They point out that inertia results in a
significant thinning of the liquid film thickness. This would be
directly related to the retention of liquid on the particle surface.
Another fact that could have appreciable importance is the
instability of the flow in practical situations. The presence of
waves and nonsteady phenomena at the surface of the liquid
could affect the results of the model. Finally, we are always con-
sidering that the solid surface is completely wetted. This is prob-
ably not true in real situations. The consideration of partially
wetted surfaces would introduce a great degree of complexity to
the modeling process. Some empirical evidence of partial wet-
ting is presented in Part II of this paper.

The gas phase relative permeabilities were estimated by con-
sidering the case in which the gas flow has no effect on the
hydrodynamics of the liquid phase. Under these conditions, Eqs.
73 to 80 are used to describe the liquid phase hydrodynamics
and Eqgs. 86 to 91 are used to calculate gas phase pressure and
velocity profiles. This approximation holds for low values of
Re}/Ga}. The results obtained are shown in Figure 14 for a fixed
Eo6tvis number. Notice that the approximation implies, in terms
of relative permeability curves, that the k, — S, curves at con-
stant Ref/Gaf are vertical lines until they approach the enve-
lope, which corresponds to the limit Re¥/Ga, g * — «. If we
compare these results to the capiilary tube model prediction
(Figure 4), we notice that the approximation made only leads to
noticeable errors in the region close to the envelope, in which it
fails to predict the curvature of the k., curves. However, this fail-
ure implies very smail errors in terms of relative permeability
values so that the curves in Figure 14 are acceptable for practi-
cal purposes. The great simplification of the solution to the two-
phase flow problem by making the no-interaction approximation
makes this approach very practical.

The results presented in Figure 14, corresponding to no sur-
face tension effects, do not differ very much with those given by
the capillary tube model (Figure 4), although in general the con-
stricted tube model gives lower values for k.. However, surface
tension forces result in very large changes in the gas phase rela-
tive permeability curves, as shown in Figure 15.
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Figure 13. Reduced saturation dependence on E&* and Rej/Gaj, periodically constricted tube model.
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Figure 14. Gas phase relative permeability, periodically
constricted tube model.

The results presented above provide a complete physical rep-
resentation of the trends followed by macroscopic parameters in
stable two-phase flow through conduits. The physical insights
obtained, in terms of the relative permeability analysis, present
a basis for the study of the hydrodynamics of gas-liquid fiows
through packed beds. In Part II of this work we apply these
results to the analysis of experimental data.
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Notation

A = constant in the viscous terms of the Ergun equation
Ay = cross-sectional area of the conduit
A, = internal area of the tube wall
B = constant in the inertial term of the Ergun equation
d}, = hydraulic diameter, Eq. 39
Eb — Edtvds number, Eq. 60
E5* = Ebtvis number based on the hydraulic diameter, =
Eb (d}}/%%)
e, = unit vector in the axial direction
£ = acceleration of gravity
Ga}¥ = Galileo number of the « phase, based on the hydraulic diame-
ter, p2gd}’/ul
H = mean curvature of the gas-liquid interface, Eq. 61
k, = relative permeability of the a phase
KENY) — envelope of the gas phase relative permeability curves
2 = length of the unit cell
ng, = unit vector normal to the gas-liquid interface, Eq. 64
P — pressure
P — area-averaged pressure, Eq. 21
P = periodic part of the pressure field
AP’ = pressure drop, including gravitational contributions, Eq. 23
r = radial coordinate
Re} = Reynolds number of the « phase, based on the hydraulic diam-
eter, p,u,d}/u
r,, r. = principal radii of curvature, Egs. 63 and 62, respectively
rg = radial coordinate of the gas-liquid interface
r, = radial coordinate of the wall of the conduit
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Figure 15. Effect of EG* on envelopes of the gas phase
relative permeability curves, periodically con-
stricted tube model.

S, = saturation of the o phase, Eq. 6
= interstitial velocity, volumetric flow rate divided by column

area
u, = interstitial velocity of the a phase
v = velocity

V = volume available for fluid flow in a unit cell
v, = velocity at x = 0, free surface
x = axial coordinate

Greek letters
8, — reduced saturation of the « phase, Eq. 5
€ = porosity

¢z — liquid holdup per unit volume of bed
€ = static liquid holdup
Az, = unit rector tangent to the gas-liquid interface, Eq. 65

4 = viscosity
¢ = gas-to-liquid density ratio
p — density

g = surface tension
T = stres tensor
¥, = dimensionless pressure drop of the a phase, Eq. 35
¥ ~ dimensionless pressure drop of the a phase under one-phase
flow conditions
w = gas-to-liquid viscosity ratio

Subscripts

B = liquid phase
v = gas phase

Special symbols

" = variables with dimensions
( ) = phase average
{ )* = intrinsic phase average, = { )/e,
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